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DIFFERENTIABILITY OF SEMIGROUPS OF LIPSCHITZ
OR SMOOTH MAPPINGS
MARK ELIN
Abstract. In this note we study the differentiability with respect to
the time-parameter of semigroups consisting of Lipschitzian or smooth
self-mappings of a domain in a Banach space.
1. Introduction
In this paper we consider the following problem:
Let {Ft}t≥0 be a one-parameter semigroup consisting of continuous self-
mappings of a domain D in a Banach space X . Assume that this semigroup
depends on the time-parameter t continuously. The following question is
fundamental:
What conditions on the semigroup elements
entail its differentiability with respect to t?
Indeed, solutions of autonomous dynamical systems (with identity initial
data) known to be semigroups. In the reverse direction, if a semigroup is
differentiable with respect to its parameter, it may satisfy an autonomous
differential equation. At the same time, it is not clear whether a given
semigroup is differentiable. Therefore the above question is relevant.
The following result is well-known and can be found in various books and
textbooks (see, for example, [6]).
Theorem 1.1. Let {Tt}t≥0 be a strongly continuous semigroup of linear
operators on D = X.
(a) The mapping t 7→ Ttx is differentiable with respect to t whenever x
belongs to a dense subspace of X.
(b) It is differentiable for all x ∈ X if and only if the semigroup {Tt}t≥0
is uniformly continuous.
The first assertion of this theorem was generalized to semigroups of non-
linear contractions defined on nonexpansive retracts of X in [12] and [15]
and to semigroups of nonlinear operators on closed convex sets in some spe-
cial Banach spaces in [14]; see also [16]. It was established in these works
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that a semigroup is differentiable with respect to the time-parameter when-
ever its spatial variable belongs to a dense subset of the set on which the
semigroup is defined. This conclusion fails in general, that is, there are
nonlinear semigroups that have not densely defined derivative with respect
to t (see, for example, [2]).
Concerning generalizations of the second assertion, that is, the differ-
entiability of semigroups of nonlinear operators everywhere on their do-
mains, little is known. Some sufficient condition including Ho¨lder continuity
with respect to t can be derived from [21]. To the best of our knowledge,
this problem has been completely solved only for holomorphic mappings.
Namely, in a series of papers [17]–[19], Reich and Shoikhet proved that
Theorem 1.2. A semigroup {Ft}t≥0 ⊂ Hol(D) of holomorphic self-mappings
of a bounded domain D ⊂ X is differentiable with respect to the parameter
t if and only if it is locally uniformly continuous (see Definition 2.1 below).
This generalizes the previous results by Berkson and Porta [3] for the case
where D is the open unit disk in the complex plane C and by Abate [1] for
the finite-dimensional case (see also [20, 8] for more details).
The aim of this note is to find an analog of the Reich–Shoikhet theorem
for semigroups of not necessarily holomorphic mappings. We introduce a
subclass of Lipschitzian semigroups that are locally uniformly continuous
and obtain a sufficient condition for differentiability of semigroups from this
subclass in Section 3. Then we consider semigroups of smooth mappings in
Section 4.
2. Main notions
In this section we recall definitions of some notions used in the paper. We
start with some standard notations. Throughout the paper we denote by
X and Y two (real or complex) Banach spaces. Let D ⊂ X and Ω ⊂ Y be
domains (connected open sets). The set of all mappings that are continuous
(respectively, smooth) on D and take values in Ω is denoted by C(D,Ω)
(respectively, C1(D,Ω)). If the Banach spaces X and Y are complex, a
mapping F : X ⊃ D → Ω ⊂ Y is said to be holomorphic if it is Fre´chet
differentiable at each point x ∈ D. By Hol(D,Ω) we denote the set of all
holomorphic mappings on D with values in Ω.
By C(D) (respectively, C1(D) or Hol(D)) we denote the set of all con-
tinuous (respectively, smooth or holomorphic) self-mappings of D. Each
one of these sets is a semigroup with respect to composition operation. For
F ∈ C(D) we denote by F k the k-th iterate of F , that is, F 1 := F and
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F k+1 := F ◦ F k, k ∈ N. The family of iterates {F k}k∈N forms a discrete-
time semigroup on D. In this note we mostly concentrate on semigroups
depending on continuous time (see Definition 2.2 below).
Let a domain D in a Banach space X be given. A bounded subset Dˆ ⊂ D
is said to lie strictly inside D if it is bounded away from the boundary ∂D
of D, that is, inf
x∈Dˆ
dist(x, ∂D) > 0. One of the surprising features of infinite-
dimensional analysis is that a holomorphic mapping f ∈ Hol(D, Y ) is not
necessarily bounded on subsets lying strictly inside D (see [10, 11, 20]).
We will need some different types of continuity for arbitrary families of
mappings {ft}t≥0 ⊂ C(D, Y ) and relations between them.
Definition 2.1. The family {ft}t≥0 ⊂ C(D, Y ) is said to be
• jointly continuous (JC, for short) if for every (t0, x0) ∈ [0,∞)×D
lim
t→t0,x→x0
ft(x) = ft0(x0);
• locally uniformly continuous (T -continuous, for short) if for every
t0 ≥ 0 and for every subset Dˆ strictly inside D,
sup
x∈Dˆ
‖ft(x)− ft0(x)‖ → 0 as t→ t0.
Notice that for the case where X is finite-dimensional, local uniform con-
tinuity coincides with uniform continuity on compact subsets. There are
examples of JC families that are not T-continuous (see [7]).
We now define one-parameter continuous semigroups, which are the main
object of interest in this paper.
Definition 2.2. A jointly continuous family F = {Ft}t≥0 ⊂ C(D) is called
a one-parameter continuous semigroup (semigroup, for short) on D if the
following properties hold:
(i) Ft+s = Ft ◦ Fs for all t, s ≥ 0;
(ii) lim
t→0+
Ft(x) = x for all x ∈ D.
In particular, it can be shown that a semigroup is T -continuous if and
only if ‖Ft(x)− x‖ → 0 as t → 0
+ uniformly on every subset Dˆ strictly
inside D.
Recall that the Lipschitz seminorm of F ∈ C(D, Y ) is defined by
LipD(F ) := sup
x,x˜∈D,x 6=x˜
‖F (x)− F (x˜)‖
‖x− x˜‖
.
The class of uniformly k-Lipschitzian semigroups, which is wider than the
class of semigroups of nonexpansive mappings when k > 1, was intro-
duced in [9]. It consists of semigroups F = {Ft}t≥0 ⊂ C(D) that satisfy
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LipD(Ft) ≤ k for all t ≥ 0. A Lipschitzian semigroup F is said to be uni-
formly continuous on D if lim
t→0+
LipD(Ft − Id) = 0 (see, for example, [13]),
that is, if it is continuous with respect to the Lipschitz seminorm, uniformly
on D. In what follows we will use a condition, which is weaker than Lips-
chitz continuity uniformly on subsets strictly inside D. To define it, for a
subset Dˆ strictly inside D with dist(Dˆ, ∂D) > µ > 0, we denote
LipDˆ,µ(F ) := sup
x∈Dˆ,‖x−x˜‖≤µ,x 6=x˜
‖F (x)− F (x˜)‖
‖x− x˜‖
.
Thus, the following notion is natural.
Definition 2.3. We say that a semigroup F = {Ft}t≥0 ⊂ C(D) is lo-
cally uniformly Lipschitzian (T -Lipschitzian, for short) if for every subset
Dˆ strictly inside D with dist(Dˆ, ∂D) > µ > 0,
LipDˆ,µ(Ft − Id)→ 0 as t→ 0
+.
Note that if a Lipschitzian semigroup is uniformly continuous on subsets
strictly insideD, then it is T -Lipschitzian. On the other hand, if a semigroup
is T -Lipschitzian, then for every subset Dˆ strictly inside D and for every
ε > 0 there is δ > 0 such that the family {Ft|Dˆ}0≤t<δ is uniformly (1 + ε)-
Lipschitzian.
3. T -Lipschitzian semigroups
In this section we establish a sufficient condition for the differentiability
of a T -Lipschitzian semigroup acting on a domain D ⊂ X .
First let us mention that even in the one-dimensional case not all semi-
groups are differentiable with respect to t.
Example 3.1. Let D = (−1, 1) ⊂ R. Consider the family F = {Ft}t≥0 ⊂
C(D) defined by
Ft(x) =


e−tx, |x| > 1
2
, 0 ≤ t ≤ ln(2|x|),
2e−2tx|x|, |x| > 1
2
, t > ln(2|x|),
e−2tx, |x| ≤ 1
2
.
It can be easily verified that this family forms a semigroup. For every x with
|x| > 1
2
, this semigroup is not differentiable with respect to t at t0 = ln(2|x|).
Furthermore, this semigroup is not T -Lipschitzian.
To prove our main results, we need the following auxiliary assertion
that together with Lemma 4.1 below gives us a non-holomorphic analog
of Lemma 6.1 in [20].
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Lemma 3.1. Let D ⊂ X be a domain and let Dˆ lie strictly inside D and sat-
isfy dist(Dˆ, ∂D) > µ for some µ > 0. Denote Dµ :=
{
x˜ ∈ D : dist(x˜, Dˆ) < µ
}
.
Let p ∈ N. Let φ ∈ C(D) satisfy
LipDˆ,µ(φ
k − Id) ≤ ℓ (3.1)
for all k = 1, . . . , p, and
sup
x∈Dˆ
‖x− φ(x)‖ ≤ µ. (3.2)
Then for all x ∈ Dˆ we have
‖x− φp(x)− p(x− φ(x))‖ ≤ (p− 1)ℓ‖x− φ(x)‖.
Proof. First we note that (3.1) means that for all x ∈ Dˆ and x∗ ∈ D such
that ‖x− x∗‖ ≤ µ we have∥∥(x− φk(x))− (x∗ − φk(x∗))∥∥ ≤ ℓ‖x− x∗‖.
Since φ satisfies (3.2), we can take here x∗ = φ(x) and then, using the
triangle inequality, we get
‖x− φp(x)− p(x− φ(x))‖ =
∥∥∥∥∥
p−1∑
k=0
[
φk(x)− φk+1(x)− (x− φ(x))
]∥∥∥∥∥
≤
p−1∑
k=1
∥∥(φk(x)− x)− (φk+1(x)− φ(x))∥∥
≤
p−1∑
k=1
ℓ‖x− φ(x)‖,
which completes the proof. 
Let now a semigroup F = {Ft}t≥0 be given. With the goal of this paper
in mind, it is natural to denote
ft(x) :=
1
t
(Ft(x)− x) (3.3)
and to apply the lemma above to the mapping φ defined by
φ(x) := Ft0(x) = t0ft0(x) + x
for a fixed t0.
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Corollary 3.1. Let Dˆ lie strictly inside D such that dist(Dˆ, ∂D) > µ > 0.
Denote Dµ :=
{
x˜ : dist(x˜, Dˆ) < µ
}
⊂ D. Let F = {Ft}t≥0 ⊂ C(D) and ft
be defined by (3.3). Let p ∈ N and t0 > 0. If
LipDˆ,µ(t0kft0k) ≤ ℓ. (3.4)
for all k = 1, . . . , p, and sup
x∈Dˆ
‖ft0(x)‖ ≤
µ
t0
, then for all x ∈ Dˆ we have
‖fpt0(x)− ft0(x)‖ ≤
p− 1
p
ℓ‖ft0(x)‖ ≤ ℓ‖ft0(x)‖.
We are now ready to prove our main result.
Theorem 3.1. Let F = {Ft}t≥0 ⊂ C(D) be a T -continuous and T -Lipschitzian
semigroup. Then the strong limit
f(x) = lim
t→0+
1
t
(Ft(x)− x)
exists uniformly on subsets strictly inside D. Moreover, f ∈ C(D, X) and
is bounded on every set that lies strictly inside D. In turn, the mapping u
defined by u(t, x) = Ft(x), (t, x) ∈ [0,∞)×D, solves the Cauchy problem

du(t, x)
dt
= f(u(t, x))
u(0, x) = x ∈ D.
(3.5)
Proof. Let Dˆ be an arbitrary subset lying strictly inside D. Take a positive
number µ < min
(
1, dist(Dˆ, ∂D)
)
. Then the setDµ :=
{
x˜ : dist(x˜, Dˆ) < µ
}
lies strictly insideD. Since the semigroup F is T -continuous and T -Lipschitzian,
there is a positive δ1 such that
sup
x∈Dµ
‖Ft(x)− x‖ < µ and LipDˆ,µ(Ft − Id) < µ (3.6)
whenever t ∈ [0, δ1). These inequalities can be rewritten as
sup
x∈Dµ
‖ft(x)‖ <
µ
t
and LipDˆ,µ(ft) <
µ
t
. (3.7)
For every t0 ∈
(
0, δ1
2
)
, the interval
(
δ1
2t0
, δ1
t0
)
contains at least one natural
number p ≥ 2. Since Dˆ ⊂ Dµ, inequalities (3.7) and the choice of p mean
that the assumptions of Corollary 3.1 are satisfied with ℓ = µ. Therefore,
‖ft0(x)‖ − ‖fpt0(x)‖ ≤ ‖fpt0(x)− ft0(x)‖ ≤ µ‖ft0(x)‖, x ∈ Dˆ,
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hence (1− µ) ‖ft0(x)‖ ≤ ‖fpt0(x)‖ <
µ
pt0
< 2µ
δ1
by (3.7). Thus
‖ft(x)‖ <
2µ
(1− µ)δ1
=: L for all x ∈ Dˆ and t ∈
(
0,
δ1
2
)
. (3.8)
As above, since F is T -continuous and T -Lipschitzian, we conclude that
for any positive ε < µ there is a positive number δ < min
{
δ1
2
, ε
}
such that
inequalities (3.7) with µ replaced by ε hold whenever t < δ. Using this
remark, we now show that the family {ft}t>0 satisfies the Cauchy criterion
as t→ 0+.
For s, t > 0 denote m =
[
1
s
+ 1
]
, n =
[
1
t
+ 1
]
. Then the triangle inequal-
ity gives us
‖fs(x)− ft(x)‖ ≤
∥∥∥f 1
n
(x)− f 1
m
(x)
∥∥∥+
∥∥∥fs(x)− f 1
m
(x)
∥∥∥
+
∥∥∥ft(x)− f 1
n
(x)
∥∥∥ = A1 + A2 + A3,
where the notations A1, A2, A3 are evident.
If s, t < δ, then m,n > 1
δ
. So, we can choose t0 =
1
mn
, µ = ℓ = ε in
Corollary 3.1 and apply it with p = m and p = n. This and (3.8) lead us
to the estimate:
A1 ≤
∥∥∥f 1
n
(x)− f 1
mn
(x)
∥∥∥+ ∥∥∥f 1
mn
(x)− f 1
m
(x)
∥∥∥
≤
m− 1
m
ε
∥∥∥f 1
mn
(x)
∥∥∥+ n− 1
n
ε
∥∥∥f 1
mn
(x)
∥∥∥
≤ 2ε
∥∥∥f 1
mn
(x)
∥∥∥ ≤ 2εL for all x ∈ Dˆ.
To estimate A2, we rewrite the difference within the norm in the form
fs(x)− f 1
m
(x) =
1
s
(Fs(x)− x)−m
(
F 1
m
(x)− x
)
=
1
s
(
Fs(x)− F 1
m
(x)
)
−
(
m−
1
s
)(
F 1
m
(x)− x
)
=
sm− 1
sm
[
1
s− 1
m
(
Fs− 1
m
(F 1
m
(x))− F 1
m
(x)
)
−m
(
F 1
m
(x)− x
)]
=
sm− 1
sm
[
fs− 1
m
(
F 1
m
(x)
)
− f 1
m
(x)
]
.
Therefore
A2 ≤
sm− 1
sm
(∥∥∥fs− 1
m
(
F 1
m
(x)
)∥∥∥+
∥∥∥f 1
m
(x)
∥∥∥) .
Further, 1
m
< δ < δ1, hence
∥∥∥F 1
m
(x)− x
∥∥∥ < µ for all x ∈ Dµ by (3.6). In
particular, F 1
m
(x) ∈ Dµ for all x ∈ Dˆ. Therefore, (3.8) can be applied at
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both points x and F 1
m
(x). So, we get
∥∥∥fs− 1
m
(
F 1
m
(x)
)∥∥∥+
∥∥∥f 1
m
(x)
∥∥∥ ≤ 2L for all x ∈ Dˆ.
Since 0 < sm−1
sm
< s, we conclude that A2 is less than s · 2L < 2δL < 2εL
for all x ∈ Dˆ.
Similarly, A3 < 2εL for all x ∈ Dˆ. Summarizing, we conclude that for
any ε > 0 there is a number δ > 0 such that sup
x∈Dˆ
‖fs(x)− ft(x)‖ < 6εL for
all s and t less than δ.
Thus {ft}t>0 ⊂ C(Dˆ, X) is a Cauchy net, so it converges uniformly on Dˆ
as t → 0+. Hence its limit f is continuous on Dˆ. Moreover, by (3.8) this
mapping is bounded on Dˆ. Since the subdomain Dˆ strictly inside D was
chosen arbitrarily, we conclude that f ∈ C(D, X).
In fact, we have shown that for every x ∈ D, Ft(x) is right-differentiable
at t = 0. For t > 0 this conclusion follows by the semigroup property:
lim
s→0+
1
s
(Ft+s(x)− Ft(x)) = lim
s→0+
1
s
(Fs(Ft(x))− Ft(x)) = f(Ft(x)).
The proof is complete. 
Remark 3.1. It can be easily seen that if the mapping f defined by the
strong limit f(x) := lim
t→0+
1
t
(Ft(x)− x) is bounded on subsets that lie strictly
inside D, then F is T -continuous.
4. Semigroups of smooth mappings
We now concentrate on semigroups consisting of smooth self-mappings
of a domain D ⊂ X . We start with the following simple assertion (cf.
Lemma 3.1).
Lemma 4.1. Let D ⊂ X be a domain and let Dˆ lie strictly inside D and sat-
isfy dist(Dˆ, ∂D) > µ for some µ > 0. Denote Dµ :=
{
x˜ ∈ D : dist(x˜, Dˆ) < µ
}
.
If φ ∈ C1(D) satisfies
sup
x∈Dµ
‖IdX −φ
′(x)‖ ≤ ℓ, (4.1)
then LipDˆ,µ(φ− Id) ≤ ℓ.
DIFFERENTIABILITY OF SEMIGROUPS OF LIPSCHITZ OR SMOOTH MAPPINGS 9
Proof. Let x ∈ Dˆ and x∗ ∈ D be such that ‖x− x∗‖ ≤ µ. Then thanks to
(4.1), we have for k = 1, . . . , p,
‖(x− φ(x))− (x∗ − φ(x∗))‖
=
∥∥∥∥
∫ 1
0
[(x− x∗)− [φ
′(tx∗ + (1− t)x)](x− x∗)] dt
∥∥∥∥
≤ ‖x− x∗‖ ·
∫ 1
0
‖IdX −φ
′(tx∗ + (1− t)x)‖ dt ≤ ℓ‖x− x∗‖,
so the result follows. 
Theorem 4.1. Let F = {Ft}t≥0 ⊂ C
1(D) be a T -continuous semigroup
such that the family of the Fre´chet derivatives {Ft
′}t≥0 is T -continuous.
Then the strong limit f(x) = lim
t→0+
1
t
(Ft(x)− x) exists uniformly on subsets
strictly inside D.
Proof. This theorem will follow immediately from Theorem 3.1 if we show
that the semigroup F is T -Lipschitzian.
Let Dˆ be an arbitrary subset lying strictly inside D. Take a positive
number µ < dist(Dˆ, ∂D). Then the set Dµ :=
{
x˜ : dist(x˜, Dˆ) < µ
}
lies
strictly inside D. Since the family {Ft
′}t≥0 is T -continuous, for any positive
ε < µ there is a positive δ such that
sup
x∈Dµ
‖(Ft)
′(x)− IdX‖ < ε
whenever t ∈ [0, δ). Then LipDˆ,µ(Ft − Id) ≤ ε by Lemma 4.1. The proof is
complete. 
In the holomorphic case, T - continuity of a semigroup implies T -continuity
of the family of the Fre´chet derivatives thanks to the Cauchy inequality.
Therefore we get the following consequence.
Corollary 4.1. Let D be a domain in a complex Banach space. Let F =
{Ft}t≥0 ⊂ Hol(D) be a T -continuous semigroup. Then F is differentiable
with respect to t.
This coincides with the sufficient (but not the necessary) part of the
theorem by Reich and Shoikhet (Theorem 1.2).
It is interesting to ask about the reverse implication: whether T -continuity
of the family consisting of the Fre´chet derivatives can imply T -continuity
of the family of mappings themselves. It turns out that such conclusion
depends on the geometry of the domain D. We now define the required
geometric property.
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Definition 4.1. We say that a domain D ⊂ X has the finite path-length
property if for every subdomain D1 which lies strictly inside D, there is
another domain D2 ⊃ D1, which also lies strictly inside D and a number L
such that for every pair of points x1, x2 ∈ D2 there is a smooth curve joining
these points that lies in D2 and has length less than L.
It can be easily shown that if D is a finite union of bounded convex
domains or the space X, X ⊃ D, is finite-dimensional, then the domain D
has this property. The following simple example shoes that in general there
are domains that have not the finite path-length property.
Example 4.1. Let consider the Banach space ℓ∞. For a ∈
(
0, 1
2
)
, denote
by Daj the following domains:
Da1 :=
{
x ∈ ℓ∞ :
∣∣∣∣x1 − 12
∣∣∣∣ < 12 + a, |xk| < a for k > 1
}
and for j > 1,
Daj :=

x ∈ ℓ
∞ :
|xk − 1| < a for k < j,∣∣xj − 12∣∣ < 12 + a,
|xk| < a for k > j

 .
Let now D := ∪∞j=1D
1/3
j . This is a domain since D
a
j ∩ D
a
j+1 6= ∅. This
domain is bounded, namely, it is contained in the ball of radius 4
3
. Take its
subdomain D1 := ∪
∞
j=1D
1/10
j . It lies strictly inside D.
Choose now the points x(j) ∈ D1 as follows: x
(j)
k = 1 when k ≤ j and
x
(j)
k = 0 when k > j. The length of any curve in D joining the point x
(j)
with the origin is greater than j/2, that is, tends to infinity as j → ∞.
Thus, D ⊂ X does not have the finite path-length property.
Our interest in the finite path-length property is based on the next asser-
tion.
Proposition 4.1. Let a domain D ⊂ X have the finite path-length property
and let {ft}t≥0 ⊂ C
1(D, Y ) be a jointly continuous family. If the family
{ft
′}t≥0 ⊂ C(D, L(Y )) consisting of the Fre´chet derivatives is T -continuous,
then the family {ft}t≥0 is T -continuous too.
Proof. Let domain D1 lie strictly inside D. Fix a point x1 ∈ D1. For any
t0 and any ε > 0 there is δ1 > 0 such that ‖ft(x1) − ft0(x1)‖Y < ε as
|t− t0| < δ1.
By Definition 4.1, there is a domainD2 ⊃ D1, which also lies strictly inside
D and a number L such that one can join x1 with every point x2 ∈ D2 by
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a smooth curve x(q) : [0, 1]→ D2 of length less than L. Then we have:
‖ft(x1)− ft0(x1)− ft(x2) + ft0(x2)‖Y
≤
∥∥∥∥
∫ 1
0
((ft)
′(x(q))− (ft0)
′(x(q))) x′(q)dq
∥∥∥∥
Y
≤
∫ 1
0
‖(ft)
′(x(q))− (ft0)
′(x(q))‖L(Y ) ‖x
′(q)‖Y dq
≤ L · sup
x∈D2
‖(ft)
′(x)− (ft0)
′(x)‖L(Y ) .
According to Definition 2.1, there is δ2 > 0 such that for all x ∈ D2
we have ‖(ft)
′(x)− (ft0)
′(x)‖L(Y ) < ε whenever |t − t0| < δ2. Therefore, if
|t− t0| < min{δ1, δ2}, then
‖ft(x2)− ft0(x2)‖Y
≤ ‖ft(x1)− ft0(x1)− ft(x2) + ft0(x2)‖Y + ‖ft(x1)− ft0(x1)‖Y
≤ (L+ 1)ε.
This estimate means that ft(x)→ ft0(x) as t→ t0, uniformly on D1. 
This proposition together with the remark that if X is finite-dimensional,
the joint continuity of the family {Ft
′}t≥0 implies its T -continuity by com-
pactness, allow us to the following consequence of Theorem 4.1.
Corollary 4.2. Let F = {Ft}t≥0 ⊂ C
1(D) be a semigroup on a domain
D ⊂ X. If D has the finite path-length property and the family of the
Fre´chet derivatives {Ft
′}t≥0 is T -continuous, then F is differentiable with
respect to t. In particular, this holds when X is finite-dimensional Banach
space and the family of the Fre´chet derivatives {Ft
′}t≥0 is JC.
Additionally, in the connection with Theorem 4.1 we mention the classical
work by Bochner and Montgomery [4] from which follows that a group of
transformations of a finite-dimensional manifold M , which is of class Ck
for each t, is generated by a Ck−1 vector field (see also [5]). Hence the
following conjecture seems to be natural.
Conjecture 1. Let F = {Ft}t≥0 ⊂ C
k(D) be a T -continuous semigroup
such that for each j = 1, . . . , k the family
{
Ft
(j)
}
t≥0
is T -continuous. Then
the strong limit
f(x) = lim
t→0+
1
t
(Ft(x)− x)
exists uniformly on subsets strictly inside D. Moreover, f is bounded on
every set that lies strictly inside D and belongs to the class Ck−1(D, X).
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